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the stretched variable 7, instead of evaluating it from the
explicit outer solution as is done generally.?

Example

Consider a simple second-order system so that we can get
explicit expressions for the solutions.

dx

a=z, xt=0=a (16a)
dz o
T -x—-2, x(t=0=> (16b)

Applying the MAE method described earlier, we summarize
the results as follows. The outer solutions corresponding to
Egs. (3) and (4) are

xO)y=age~!, zO@¢) = —age~! (17a)
xO@) = [xDQ) — atle ~* (17b)
20() = [ - xO(0) + at —ale " 170)

The inner solutions corresponding to Egs. (8) and (9) are

XNy =a, )= — a+ (@a+be " (18a)
N=(@+b)—ar—(@+b)e~" (18b)

()= —Qa+b)+ar+[2a+b +(a+ b)rle 7(18¢c)

Considering the two-term expansions only, the common
solution (CS) for x is obtained as

(CS), = (x)° = (x°) 19
From Eq. (18), we obtain (x)°, the outer expansion of the
inner solution by first expressing the inner solution in the
outer variable ¢ = er and then expanding it around e = 0. Thus,

&) =a(l —¢) +e(@ +b) (20)

Next, from Eq. (17), we obtain (x°), the inner expansion of
the outer solution, as

Y =a(l —1) + exP0) 21
Alternatively, in the present approach, we formulate (x°) as

x°) = xO(t = 0) + e[xD(¢ = 0) + %Ot = 0)]

=a(l — 1) + exD(0) (22)
Equating Eqgs. (20) and (21), we get the value of the

undetermined coefficient x(0) = (¢ + b). Similarly, for z,
we have

(CS), = @)’ = (&)’ (23)

From Eq. (18), we obtain (z?)°, the outer expansion of the
inner solution, as

@)= —a(l —1) + e[ — 2a + b)) 24

Next, we obtain (z°), the inner expansion of the outer
solution, as

@Z% = —a(l —1) +e®0) 25)
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Alternatively, in the improved method, we formulate (z°) as
@) =20t = 0) + € gV = 0) + 720(t = 0)]
= —a(l =)+ ezV0) (26)

Using Eqgs. (23-25), we get the value of the undetermined
coefficient, z(¥(0), as

zM0)= — 2a + b) 27N
The composite solution éorresponding to Eq. (12) is

Xt e)=ae "+¢€l(@+ b)(e“—e“’“)—-de“] (28a)

z(t,e)= —ae~"+(a+ b)Yl +1)e Ve
+elRa +b)e Y —e~H+ate (28b)
Conclusion

In this Note, a critical examination. of the method of
matched asymptotic expansion has revealed that the terms of
the common solution could be generated as polynomials in a
stretched variable without actiially solving for them, as is done
presently. We have also seen that the common solution of the
method of matched asymptotic.expansion is the same as the
intermediate solution of the singular perturbation method
and, hence, these two methods give identical results. Two
examples have been given for illustration.
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Simple Scheme for the Integration
of Stiff Differential Equations

M. B. Subrahmanyam*
University of Missouri, Columbia, Missouri

i. Introduction

TIFF differential equations arise out of modeling systems
with widely differing time constants. In the case of non-
linear equations, the Jacobian has eigenvalues that are several
orders of magnitude apart. In the case of an advanced
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aircraft, such systems arise, for example, when the actuator
dynamlcs and the flexible body dynamics need to be incorpo-
rated into the flight control equations.

In this Note, we present an A -stable single-step scheme for
the solution of initial-value problems associated with stiff
nonlinear vector differentjal equations. The method is easy to
program on a digital computer. It can be observed from the
examples. in Sec. IV that significant increments in ‘the
computation interval ¢an be-obtained by using this method. It
is shown that the local truncation error of the method is
O(h?), where h is the interval of computation.

We consider the following initial-value problem:

Sc(tj = flx(®),¢] )
x() = % @

We rewrite Eq. (1) as
) = Alx(@),f] x() + Blx(t),¢] 3

where
Y a5 =
A—aandB—f Ax

Thus, A is the Jacobian matrix associated with Eq. ().

1. Numerical Procedure ‘
Consider the interval [¢;, t;,;], where ¢, =t,+ih, h being
the interval of computation. We assume that A and B are
twice continuously differentiable in x and ¢. We make two
passes, and, on each paSS, we assume that A and B are
constant on f¢;, #;,,].
Letr;=¢+(h/2) and x°(t;) be the value of x at 7;, obtained
from our numencal scheme.

Flrst Pass
On [t,, t;+1], approx1mate A [x(t) t] and B[x(),f] by
A=A, 1], B=BIx(), 7] @
Equation (3) is apnroximated by
y=Ay+B,  yE)=x) ©®)
Incorporating Eq. (5) into the Taylor series for y(z;., ), we get

hk+1 .
k+ 1

Yt )= E A"x‘(t) + E A*B ©®

Disregardmg a difference of magnitude O(h?), we have

ytd = (=407 [+ Seprmn] @)

Second Pass

Let
= [xe(t) + ¥ D)/2 ®
A=A &x,1;) 9
and
B =B (%,7) (10)

Again approximate Eq. (3) by

X =Ax°+B, x<(t;) given (11)
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Using the same procedure as in the first pass, we get

hk+1 o
(k + 1) 12

Xty = E A"x%t)— z;

K=
Up to a difference of O(#?), we have
o /. Am\-1 Ah\_, 11
X)) = ( ——2—> [(I+-—>x (t)+Bh] 13)

Thus the scheme is given by Egs. (7), (8),. and 1 3) We note
that, in Eq. (4), 7; can be replaced by ¢, without affectlng the
accuracy of the algorithm. This will be demonstrated in the
next section. Howeéver, when 7, is used, only one pass is needed
to get the desired accuracy in the case of tlme—varymg linear
systems.

It can be observed that Eqgs. (7) and (13) contain a Padé
approximation for the matrix exponential exp(4#). Applica-
tion of the scheme to the time-invariant equation ¥ = Ax yields

Xty ) = U — (AR/D) 1 [ + (AR/2)Ix(2,) (14
indicating that the scheme is A -stab’ie.
II. Error Analysis

We now show that the numerical procedure glven previously

has a local truncation error of O(#3).

Theorem 3.1: Consider Egs. N, (8), and (13). Let x(¢;.. )
be the true value at 7;, ; and x°(¢; . ;) be the computed value at
t; .1 with x(#,) = x°(;). Then Ix(t;, ;) — x(t; . )l = O(B3).

Proof: We have
X)) =x(t) +3(03) b+ B2 + O
= x(r) +(r}) h +O(h?)
=x(6) + A7) X(r) + BIx(r),7,]) b + O
Since x(r;) = x(t;) + ¥(t)(h/2) + O(h?),

x(r;) = x(t;) + Alx(7,), 7] x(¢)h + Blx(7;),7:}k
+ Alx(r),m] Alx(),1] x(t)(R?/2)
+A tx(r,-j,f,.] BIx(t),1)(h*/2) + O
=x(t,) + Alx(r}),r;) x(&) k + Blx(r)),7,}h
+ A2[(6) )X ()R Y2)

+ Ax(%).4] B[x(ti)’ti](hz/z) + 0@ a3
From our algorithm, after the first pass, we have
Y ) =x)+ Alx (@), 7 1x)h + Blx(t,),m,1h + O(h?)
Sn the intermediate value is given by
X = [ (6) +y (G, )/2=x(t) + A De(t), 7,10 (1) (R /2)
+Blx(1,),71(h/2)+ O (h?) (16)
After the second pass,
Xty )= X0+ A Ry ()h + AR, ) 4 X () (R2/2)

+ B+ AG,) BER )R/ +00Y) (A7)
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From Egs. (15) and (17), we have
X)) —x () =Ax(7),7] - A i)} x(EDh
+ [AZ[x(ti),ti] —A%(x;,7)} x(t,-)(h?/Z)

+{Blx(7;),7] —B,(ffiaTi)} h

+{ABlx ()11 - AB(;,1))} (B2/2)+ O(R?) (18
We have
1A [x(r)),m] — A G <L Ix(r) — %, (19)
Since

X(r)=x(t)+ Alx(t;):1;)x (t:)(h/2) + Blx (1)), }(h /2) + O(h?)
we have from Eq. (16),
x(m) =X = Al ()1 - Alx (1)1, 1}x (1) (h/2)
+Blx(),]1 - Blx(t),7.1)(h/2) + 0(52)
=0(h?)
Thus, the right-hand side of Eq. (19) is O(4?). Also,
LA2[e(t),t] = A%, <L, (x(t)~ %N+ h]=O(h) (20)
Similarly,
Blx(7)),7]1 ~ B(%;,7) = O(h?) @
and
| AB[x(),t;1 —ABX;,7;)=O0(h) 22
Incorporating Egs. (19-22) into Eq. (18), we get

x(tiy ) —x( YN = O(R*)

IV. Numerical Examples
All of the computations for the examples were performed
on a VAX 11/730 computer in double precision. Our method
will be compared to the Runge-Kutta methods in terms of
stability, accuracy, and computation time. The relative error
associated with'x,, is denoted by R,,. For comparison purposes,
we denote our algorlthm by SA. .

Example 1
An example from chemical reaction kinetics is given by!

dx
3 =% 23
where
‘ fi= —0.013x, + 10%x,x,

_f3 = 0.013x1 - 103xlx3 - ZSOOXZX3

The initial condition is given by x(0) = [1 1 0]”. The range of
integration for this problem is [0, 50]. -

This is a moderately stiff problem with real eigenvalues of
the Jacobian, the eigenvalue with the largest absolute value
being — 3800 around ¢ =41. We assumed that the reference
solution is obtained using the second-order Runge-Kutta
(RK2) method with 2 = 0. 0001 ,
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Table 1 gives the execution times and relative errors for
different methods. The results of the fourth-order Runge-
Kutta (RK4) method -with 7 =0.0006 were satisfactory.
However, RK4 becanie unstable with # = 0.0008.

Using an RK2 scheme, the results were satisfactory with
h = 0.0004. The method became unstable for t>41 with
h = 0.0005.

It can be observed from Table 1 that, with our method,
improvement in stability is obtained. The explicit methods
RK4 and RK2 are 1neffic1ent in this case.

Example 2 -

This example is due to Robertson? and is taken from
Chap. 6 of Ref. 3. The equations are given by

X = —0.04x; + 10%,x;
3 = 0.04x; — 10%x,x, ~3x 10x;
Xy =3 X 107x7
x0)=1, x0)=0, x0)=0 (24)

The interval of interest is [0, 40]. Numerical experiments on
this example are reported in Chap. 6 of Ref. 3. This example
represents the severest test for the methods, since, for large
values of ¢, the 'elgenvalues approach 0,.0, and — 10%. Thus,
RK4 would require 4 <2.8 x 10~* for stability.

‘With 2 = 0.001, RK4 becomes unstable for ¢ = 16. All of
the explicit methods eventually become unstable with
h = 0.001 (see Table 6.5, p. 290, of Ref. 3). The results with
our algorithm are presented in Table 2. Referring to Tabie 2
and Table 6.5 of Ref. 3, our method has the best performance
of any explicit method.

From the examples, we make the following observations.
Both RK4 and RK2 are highly accurate, however, the small
step. size requlred makes them inefficient for the solutlon of
stiff systems.

Our method has the best stability behavior of any explicit
method considered. It also has adequate accuracy and the
execution times are not excessive. The ease of 1mp1ementatlon
of our method makes it attractlve for practlcal use.

Table 1 Computational results for example 1

Execution
t=50° time to
_ compute
Method h "Ry R; R; to £ =50,s
SA  0.05 1.1x107%  4.9%1077  1.3x107%  25.75
SA 0.1 1.1x107¢ 471077  1.0x107%  16.29
SA 05 7.3x1077  1.8x107*  1.6x10™" 8.85
RK4 0.0008 Unstable
RK4 0.0006 2.5x107% 1.4x107% 53x107% 723.0
RK2 0.0005 Unstable
RK2 0.0004 1.0x107% 2.1x10"% 3.7x10"° 126.0

“Reference values at £=50: x;= 0.597654040F + 00; x,=0. 14023441 1E
+01; x3=0.189338404E —05.

Table 2 Computational results for example 2

" Execiition
t =40 time to
. compute
Method h R, R, R; . to £ =40,s
SA  0.05 9.9x10¢ 29x107°  2.4x107° 22.03

SA  0.0667 5.9x107* 1.5x1073 18:47

RK4 0. ()()1 Unstable

1.8x1073

aReference values at t= 40 x1=0. 715827294E+00 x2=0. 918553530E
—05; x3=0.284163831LF +00.
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Eigenvector Derivatives of
Repeated Eigenvalues Using
Singular Value Decomposition

Kyong B. Lim,* Jer-Nan Juang,t
and Peiman Ghaemmaghami}
NASA Langley Research Center,
Hampton, Virginia

Introduction

HE computational problem of eigenvector derivatives cor-

responding to repeated eigenvalues has not been treated
adequately in the past, whereas several techniques are avail-
able for distinct eigenvalues.! The main difficulty appears to
be the nonuniqueness of eigenvectors for repeated eigenval-
ues. For symmetric eigenvalue problems, a method? has been
proposed for computing the eigenvector derivatives of re-
peated eigenvalues. A computational method has been pro-
posed? recently for general nondefective matrices, although
the results ‘are inconclusive.

In this Note, explicit formula for the first-order eigenvector
derivative corresponding to the eigenvector of -a repeated
eigenvalue is derived for the non-self-adjoint eigenvalue prob-
lem. The method applies to the class of nondefective problems
whose first éigenvalue derivatives of the repeated eigenvalues
are distinct. A singular value decomposition (SVD)* approach
is used to compute four required bases for eigenspaces, and to
keep track of the dimensions of state variables and the
conditioning of the state equations.

Computation of Bases for Eigenspaces
Consider the nth order eigenvalue problem

A —-N\Dx;=0 1)

where A is assumed nondefective. Define the followmg
notations

AIéA - XI'I, riérank(Ai), Vién _ri; l= 1,...,N

where N is the number of distinct eigenvalues and »; the
dimension of the null space of A; or, equivalently, the number
of linearly independent eigenvectors associated with \;. Thus,
for a simple eigenvalue, »; = 1.
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Although any linear combination of the multiple eigenvec-
tors is an eigenvector, let (x, x,..., x%?} be some choice of
right eigenvectors corresponding to')\,. Con51der the SVD of

i

S AR

I

where L; = diagloy,...,0,.1, [[;U;], and [¥;V;] denote the non-
Zero smgular values, left and rlght singular vectors, respec-
tively. The superscript H represents Hermitian transpose. The
following relations hold:

U =ViVi=0, U70, =Vi'V,=1,, UfU= V]V, =1,
. 1 I
1<v;<n 3)

The (n X »;) matrix V' is an orthonormal basis for the right
eigenvectors so that the kth eigenvector corresponding to the
ith eigenvalue can be expressed as

=V k=1, @)

of® denotes the K'th eigenvector coefficients (or coordinates in
V; bases) corresponding to the ith eigenvalue. The SVD in Eq.
(2) also provides a basis U; for left eigenvectors. The
superscript * means the complex conjugate. Furthermore, the
SVD provides the bases for the right and left complimentary
spaces that are required in the sequel.

Computation of Eigenvalue Sensitivity
To compute eigenvalue derivatives (needed to compute
eigenvector derivatives), let us take the derivative of the
eigenvalue problem

AxP =0 )
to obtain
AP = — 4,50 = ULV " ©)
where
AR = A —\PT )

Premultiplying Eq. (6) by the hermitian transpose of left
singular matrix, with the aid of Eq. (3) produces

~H =
. pAZAN
[ull{]A'(k)xi(k) - [ ’0 ]x,»(") ®

i

Using the expansion of Eq. (4), the last V; equations in Eq. (8)
can be rewritten as

WAV} of =NOU Va0 ©

The original form of Eq. (9) has been derived in Ref. 5. In Eq.
©9), \¥ and o/’ are the unknowns, and hence a subelgenvalue
problem of order »; is defined. The eigenvalue derivative A{¥’
is associated with a specific eigenvector.

For the case of distinct eigenvalue derivatives, there exists a
unique set of », linearly independent vectors {af”, .} that
are determined to a scaling factor, depending on the normal-
ization of corresponding eigenvectors in Eq. (4). Henceforth,
the case of repeated eigenvalues with repeated first eigenvalue
derivatives is excluded. It is important to note that Eq. (9)
always produces »; eigenvalue derivatives corresponding to the
v, repeated eigenvalues, independent of the choice of eigenvec-
tors. For simple eigenvalues, i.e., »; = 1, Eq. (9) reduces to the
familiar scalar equation!

A =Ufay, (10)



